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The concept of hesitant fuzzy preference relation (HFPR) has been recently introduced to allow the de-
cision makers (DMs) to provide several possible preference values over two alternatives. This paper in-
troduces a new type of fuzzy preference structure, called incomplete HFPRs, to describe hesitant and
incomplete evaluation information in the group decision making (GDM) process. Furthermore, we define
the concept of multiplicative consistency incomplete HFPR and additive consistency incomplete HFPR,
and then propose two goal programming models to derive the priority weights from an incomplete HFPR
based on multiplicative consistency and additive consistency respectively. These two goal programming
models are also extended to obtain the collective priority vector of several incomplete HFPRs. Finally, a
numerical example and a practical application in strategy initiatives are provided to illustrate the validity
and applicability of the proposed models.
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1. Introduction

Since the introduction of fuzzy sets by Zadeh [45], several ex-
tensions and generalizations have been proposed (see Ref. [G]), in-
cluding the intuitionistic fuzzy sets [5], interval-valued fuzzy sets
[44], type-2 fuzzy sets [24], type n fuzzy sets [15] and fuzzy mul-
tisets [23]. Another extension of fuzzy sets is called hesitant fuzzy
sets (HFSs), which were firstly introduced by Torra [31]. The moti-
vation for introducing HFSs is that it is sometimes difficult to de-
termine the membership of an element into a set, and in some
circumstances, this difficulty is because there is a set of possible
values.

HFSs are a new effective tool used to express human'’s hesitancy
in daily life and have been receiving an increasing amount of at-
tention in different areas, mainly in group decision making (GDM)
[7,12,27,29,34,43,46]. Xia and Xu [33] defined the hesitant fuzzy
preference relations (HFPRs) and hesitant multiplicative preference
relations (HMPRs), which are based on the fuzzy preference re-
lations and multiplicative preference relations, respectively. There
are two more types of preference relations: interval-valued hesi-
tant preference relations (IVHPRs) [7] and hesitant fuzzy linguistic
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preference relations (HFLPRs) [48] which are based on the hesi-
tant fuzzy linguistic term sets [27,28]. Relationships of HFSs with
other types of fuzzy sets can be found in [26] (see Section 5) and
a historical overview of the fuzzy sets extensions analyzing their
relationship can be found in [6].

The key motivating factors to introducing the concept of incom-
plete HFPR can be summarized as follows: (1) all of the afore-
mentioned preference relations (HFPR, IVHPR, HMPR and HFLPR)
do not consider the incomplete information. (2) In many real de-
cision making problems, due to time pressure, lack of knowledge,
and the DM'’s limited expertise related with the problem domain
[1-4,8,10,17-19,37,40], the DMs may obtain a preference relation
with incomplete entries. Incomplete HFPR do not merely permit
the DMs to provide all of the possible values, but also allow them
to give null values when comparing two alternatives. (3) It can
enrich the theoretical system of preference relations. Zhang et al.
[47] proposed two estimation procedures to estimate the missing
information in an expert’s incomplete HFPR, which are based on
Xu et al.’s [40] models.

GDM problems consist in finding the best alternative(s) from a
set of feasible ones according to the preference relations provided
by a group of experts. In order to rank the alternatives, one di-
rect method is to derive priorities from the group preference re-
lations. Dong et al. [14]| developed a framework to deal with the
individual selection problem of the numerical scale and prioriti-
zation method in AHP. Dong and Herrera-Viedma [13] proposed a
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consistency-driven automatic methodology to set interval numer-
ical scales of 2-tuple linguistic term sets in the decision making
problems.

Up to now, there has been no investigation of deriving the
priority weights from the incomplete HFPR. The aim of this pa-
per is to propose some models to obtain priorities from incom-
plete HFPRs which are based on multiplicative consistency [9,11,30]
and additive consistency [3,8,38] of fuzzy preference relations
[19,30,38,41], respectively. As the DM gives a HFPR, each compari-
son has several values and the DM is hesitant on these values, we
should abstract the most reasonable information from these val-
ues. That is we could derive the most consistent fuzzy preference
relation from the HFPR to make decision. This is the main idea of
the paper, and it is a new idea to deal with HFPR.

These models are programming models for multiplicative con-
sistency incomplete HFPR and additive consistency incomplete
HFPR respectively. Furthermore, we extend these programing mod-
els to obtain the collective priority vector of several incomplete HF-
PRs for the sake of application in GDM process. To show the poten-
tial of this proposal, we introduce two illustrative cases of study to
show the effectiveness of the developed models.

The remained of this paper is organized as follows. Section 2
briefly reviews some basic knowledge on fuzzy preference relation,
HFS and HFPR. Section 3 introduces the concepts of incomplete
HFPR, acceptable incomplete HFPR, multiplicative consistent in-
complete HFPR and additive consistency incomplete HFPR. In
Section 4, we develop some new goal programming models to
derive the priority weights from multiplicative consistency incom-
plete HFPR and additive consistency incomplete HFPR. Section 5
provides a numerical example and a case study in GDM concern-
ing strategy initiatives showing validity and applicability of the
proposed models. Some conclusions are pointed out in Section 6.

2. Preliminaries

In this section, we will give the definitions of fuzzy preference
relation, hesitant fuzzy set, hesitant fuzzy element and hesitant
fuzzy preference relation.

Denote N={1,2,..., n}, M={1,2,..., m}. Let X ={x1.xp....,
Xn} (n >2) be a finite set of alternatives, where x; denotes the ith
alternative.

2.1. Fuzzy preference relation

Definition 1 [20]. Let R= (Tij)nxn be a preference relation, then R
is called a fuzzy preference relation, if

Tij € [0, 1], r,~j+rj,~=l, ri = 0.5 foralli, j € N. (1)

Definition 2 [30]. Let R = (rjj)nxn be a fuzzy preference relation,
then R is called a multiplicative consistency fuzzy preference rela-
tion, if the following multiplicative transitivity is satisfied:

TiklkjTji = NaTjrij foralli, jk e N. (2)

Definition 3 [9,30]. If R = (Tjj)nxn is a multiplicative consistency
fuzzy preference relation, then such a preference relation is given
by

Wi ..
= N
Tij Wi w;’ i,je (3)

where W = (wy, wy,...,wp)T is the priority weighting vector for
the fuzzy preference relation R = (rjj)nxn and 3!y w; =1, w; =0,
ieN.

Definition 4 [30]. Let R = (r;j)nxn be a fuzzy preference relation,
then R is called an additive consistency fuzzy preference relation,
if the following additive transitivity is satisfied:

Tij = Tk — rjk + 0.5 forall i, j, k e N. (4)

For the additive consistency fuzzy preference relation, there is a
function between the element r;; and the weights w; and w;. The
function is obtained as follows.

Lemma 1 [39]. Let R = (rjj)nxn be a fuzzy additive transitive prefer-
ence relation, W = (wy, Wy, ..., wy)T be the corresponding weighting
vector, where 0 < w; < 1, then there exists a positive number 8, and
such a relation can be expressed as follows:

Tij =0.5+,3(W,‘—Wj). (5)

Remark 1. Lemma 1 denotes that there is an explicit function re-
lation between r;; and the ranking values w; and wj;. Chiclana et
al. [11] constructed a similar relationship between the additive re-
ciprocal preference relation and utility values. Tanino [30] first es-
tablished the above correspondence where 8 always equals to 0.5,
but it was later shown that the correspondence is not always valid
from different perspectives [16,21,22,35,36,39]. In the following, we
will determine the value of S.

Theorem 1. If the priority vector of the additive transitive perfectly
consistency fuzzy preference relation R is derived by normalizing rank
aggregation method, then ﬂ:%.

Proof. If the priority vector of the additive transitive perfectly con-
sistency fuzzy preference relation R is derived by normalizing rank
aggregation method [35], then

n n
_ Dk=1Tk=05 Y qm—=05 . o
W = = T = AT , leN (6)
i1 2k=1kxiTik =
n n
Dk—1Tx—05 2k—1Tjk—05 .
W] = n n = n(n-1) ’ lLe N (7)
Dot X k=1kzjlik —

Introducing Eqgs. (6) and (7) into Eq. (5), then
rij = B(w; —w;) +0.5

ket (e —Tik)
2

Since
Tij = Tik — Tjk +05
then
" ri; — 0.5 nry; —n/2
rij:ﬁ2k=l(u ) ij /

n(n-1) +05= ‘3 n(n-1)
2 2

+0.5 (8)

So we can get B = % which complete the proof. O
That is to say, the relationship between r;; and w; — w; is:

n-1
2
Remark 2. In addition, due to the fact that 0 <r;; <1, we have
0<05+"2(w;—wj) <1, that is —1/(n—1) <w; —w; < 1/(n—

1).

r,-j =05+

(w; —wj). (9)

2.2. Hesitant fuzzy set

Torra [31] originally developed the definition of hesitant fuzzy
sets (HFSs) as follows.

Definition 5. [31,32]. Let X be a reference set, an HFS on X is de-
fined in terms of a function hy(x) that returns a non-empty subset
of [0,1] when it is applied to X, i.e.

A={{x,ha(x))|x € X}. (10)

where hy(x) is a set of some different values in [0,1], representing
the possible membership degrees of the element x € X to A. hy(x)
is called a hesitant fuzzy element (HFE), a basic unit of HFS.
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2.3. Hesitant fuzzy preference relation

On the basis of HFSs and FPRs, Xia and Xu [33] introduced hes-
itant fuzzy preference relations (HFPRs) as follows.

Definition 6 [33,49]. Let X = {x1,Xp,...,Xn} be a fixed set, then
a HFPR H on X is represented by a matrix H = (hij)nxn cX xX,
where h;; = {)/l.z.|l =1,..., #h;;} (#h;; is the number of values in
hi;) is an HFE indicating all the possible values of preference de-

grees of the alternative x; over x;. For all i, j = 1,2,...,n, h;; should
satisfy the following conditions:
J/0(1) + yO(I)
hy; = {0.5} (11)
#hij = #hﬂ

where yi;.’(') is the Ith largest element in h;;.
3. Incomplete hesitant fuzzy preference relation

As described in the introduction, incomplete FPRs do not
merely permit the DMs to provide all of the possible values, but
also allow them to give null values when comparing two alterna-
tives. This is formally defined as follows.

Definition 7. Let X = {x;. x5, ..., Xn} be a fixed set, then an incom-
plete HFPR H on X is represented by a matrix H = (hjj)nxn C X x X,
for all known HFEs h;; = {yilj|l =1.....#h;;} (#h;; is the number of
values in h;;) indicate all the possible values of preference degrees
of the alternative x; over x; and should satisfy the following condi-
tions:

y(f(l) + y(f(l)

hi = {0.5} (12)

#h;; = #hj;
where yi;.’(') is the Ith largest element in h;;.

For the convenience of computations, we construct an indica-

tion matrix A = (8;)nxn [42] of the incomplete HFPR H = (l;j)nxn,
where

0, hj=- o .
8ij = , and h;; = —indicates a missing HFE h;;.

1, hj#-

It should be noted that when §;;=1 for all i, j € N, incomplete
HFPR becomes complete HFPR, indicating that the latter is a special
case of the former.

Based on the concepts of multiplicative consistency fuzzy pref-
erence relation and additive consistency fuzzy preference relation,
we will introduce the concept of multiplicative consistency incom-
plete HFPR and additive consistency incomplete HFPR in the fol-
lowing.

Definition 8. Let H = (h;j)nxn be an incomplete HFPR, if the miss-
ing HFEs of H can be determined by the known HFEs, then H is
called an acceptable incomplete HFPR, otherwise, H is not an ac-
ceptable incomplete HFPR.

Theorem 2. Let H = (h;j)nxn be an incomplete HFPR, the necessary
condition of acceptable incomplete HFPR H is that there is at least
one known HFE in each row or column of H except for the diagonal
HFE, i.e. it needs at least (n—1) judgments.

Definition 9. Let H = (h;j)nxn be an incomplete HFPR, then H is
called a multiplicative consistency incomplete HFPR, if some of its
HFEs cannot be given by the DM, which we denote by the symbol
—, and the others can be provided by the DM, which satisfy

#h
or...or y"( i),

i,jeN. (13)

Definition 10. Let H = (h;j)nxn be an incomplete HFPR, then H is
called an additive consistency incomplete HFPR, if some of its HFE
cannot be given by the DM, which we denote by symbol —, and
the others can be provided by the DM, which satisfy

o(1)

o (#hy) _
Vi !

or...or ¥ -wj), i,jeN (14)

2
4. Deriving the priority weights from incomplete HFPRs in
GDM

Let's suppose a set of alternatives X = {x;,x5,..., xn}, and a
constructed incomplete HFPR H = (hjj)nxn, where h;; = {y,.’jll =

1,2,...,#h;;}. Since each element in h;; is a possible preference
degree for the comparison of the alternative x; over x;.
(1) By Eq. (13), the multiplicative consistency preference rela-

tion can be obtained by:
w;
(1)
S,JW =8(vg

o (#hy)
Vii !

oryl ), i jeN. (15)

where y.‘.’(” is the Ith largest element in h;j, #h;; is the number of

ij»

elements in h;; and 8;; = {$ Ji~".

J#_
Let S(y;j) = y,j’(l) . or yl.j ”), by Eq. (15), we have
w;
Sum 3:]5(%])
& 8ijwi = 6 (wi +w;) (S(¥45))
& 6;i(1 = S(yij))w; = 6;S(yij)wj, i, j € N. (16)
Due to the fact that 1-S(y;)=(1- y.‘.f(l))or... or(1—

”(#hu)) then we have 1-S(y;;) =S(y;), thus Eq. (16) can be

rewrltten as

8iiS(yiwi = 8;S(vij)wj,
Nevertheless, Eq. (17) does not always hold in the general case.

There is deviation between §;;S(y;;)w; and 6;;S(y;;)w;, and the de-

viation degree is given by Eq. (18).

&ij = 8iIS(vi)wi — S(yij)wjl (18)

Thus, we could construct the following multi-objective pro-
gramming model:

i,jeN. (17)

(M—-1) min &;; = §;|S(y;)w; — S(yij)w;l, i, jeN
n
s.t. Zwi =1, w;>0, i jeN.
o1
As [S(yjiw; — S(yvij)w;l = IS(vij)w; — S(yji)w|, the above min-

imization problem could be solved by solving the following pro-
gramming model:

n—1 n
(M=2) min F=3" %" sydf+t;d;
i=lj=i+1
S,I(S(y],)w, —S(V,])W_’) — d:; +dl; = 0, l,] € N, ] >1i
s.t. Z?:1Wi=l, WiZO, ieN
di.d; =0, ijeN, j>i

ij =
where d,f; is the positive deviation from the target of the goal &;;,
defined as

di = 8 (S(yjiwi — S(vij)w;) v 0.

dg is the negative deviation from the target of the goal ¢;;, defined
as

d; = 8ij(S(vij)w; — S(¥ji)wi) v 0.
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sij and t; are the weights corresponding to diy and dl;
respectively.

In order to solve the above problem, model (M-2) can be trans-
formed into the following mixed 0-1 goal programming model:

n-1 n
(M-3) min F = Z Z Sijd;; + tijdi;

i=1j=i+1

Z Za<l) a(l) Z Zo(l) yl;y(l)
I=1 =1

—d§+d5:0, i,jeN, j>i

n
ZW,’Z],

s.t.3di=q
#hj;

o) _
szi =1
I=1
o) _
zZ; =0 or 1,

dlf; dU >0,

w;>0, ieN

ijeN, j>i

i,jeN, =12, #hyj>i

i,jeN, j>i
Without loss of generality, when we consider that all the goal

functions ¢;(i, j € N) are fair, then we can set s;j =t;; =1 (i, j € N).
Consequently, model (M-3) can be rewritten as follows.

(M—4)min F= Z Z (df +dj)

i=1j=i+1
#hﬁ #hjl
a(l) o) o(l),,o)
8ij szi Viji ZZ Yij
I=1 =1
N o .. ..
—dj+d;=0. i,jeN, j>i
n
Zwizl, W,'ZO, ieN
st.ii=1
#hj;

Y0 =1, ijeN j=i
=1

=0 or 1, ijeNj>i 1=12, .. #h;
dl.j dUzO i,jeN, j>i
(2) By Eq. (14), the additive consistency preference relation can

be obtained by:

-1 ..
8,1()/5“) .or y,“(#h”)) =djj [0.5 + n—(wi — Wj)], i,jeN

2
(19)
where y”(’) is the Ith largest element in h;;, #h; is the number of
elements in H and 8,1 = { , hu;:
( hij)

Let S(y;j) = Dor...or , by Eq. (19), we have

n-—1
8iiS(vij) = 5ij[0.5 + T(Wi - Wj)]
Let &; = &;;|S(y;j) —[0.5+ ”z;l(w,- —wj)]|, to obtain as many

additive consistency preferences as possible, we construct the fol-
lowing multi-objective programming model:

. n—-1 ..
(M—-5)min ¢ = S[j‘S(yij) - [0.5 + T(Wi - wj)] ’ i,jeN.

n
s.t. ZW,‘: 1,

i=1

W,‘ZO,i,jEN.

The solution to the above minimization problem is found by
solving the following goal programming model:

n-1 n

(M-6) min F=)»" 3" sijdf; + tijd;;
i=1 j=i+1

n-—1

3ij[5()/ij) - (0.5 + =i - Wj))]
—d§+di§:0, i,jeN, j>i

s.t.
Z?_lwizl, w;>0, ieN

d;]’.d>0

520 i jeN j>i

where d;; is the positive deviation from the target of the goal ¢;;,
defined as

d; = 3,~j[5(y,-j) - (0.5 + %(wi - wj))] vo.

dl.; is the negative deviation from the target of the goal ¢;;, defined
as

d; =8 (o —wp) =S| v
s;j and t;; are the weights corresponding to d% and d,.;, respectively.

Similarly, model (M-6) can be transformed into the following
0-1 mixed goal programming:

(M—7) min F= Z Z sijd;f + tid

i=1j=i+1
ol),,ol) n-1

U ZZ }/U 05+T(W1—W1)

I=1

—d§+di;:0, i,jeN, j>i
n
> wi=1, w;>0, ieN

s.t. =

#h;
Y70 =1, ijeN j=i
=1
j;(’) 0 or 1, i,jeN, [=1,2,... #hj j>i
df, d;=0, i,jeN, j>i

Without loss of generality, when we consider that all the goal
functions &;; (i, j € N) are fair, then we can set s;; =t;; = 1 (i, j € N).
Consequently, model (M-7) can be rewritten as follows:

(M —8) min F= Z Z (d +d;)

i=1 j=i+1
#h; n-1
U|:ZZU(I) U(l) <05+72 (W,—W])):|
=1
_d$+di}:0’ i,jeN, j>i
n
Zwizl, w;>0, ieN
s.t. i=1
#hy;
Y Z0=1, ijeN j>i
I=1
) .. . .
Z =0 or 1, i,jeN, j>il=1.2 .. #h;
d§ d,;_ , i,jeN, j>i

Once we have developed an algorithm for solving a computa-
tional problem and analyzed its worst-case time requirements as
a function of the size of its input (in terms of the O-notation).
We analyze the complexity of computation of different models.
Time complexity of (M-4) —-(M-8) is o(n* x ), which depends
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on product of n* (n is the number of alternatives) and [ (I =
ﬂ?jl [1j_i, 1#hij i.j €N, j>i). Meanwhile, the space complex-
ity of (M-4) —-(M-8) is o(1).

By solving this model, we can also obtain the priority vector
W = (Wy, Wy, ...,wy)T of the incomplete HFPR H = (h;j)nxn. We
will extend the above models to obtain the collective priority vec-
tor of two or more incomplete HFPRs.

Suppose that there are m incomplete HFPRs Hy = (h;j i )nxn(k €
M), and v= (v1,vy,...,Un)T is their collective priority vector,
where v; > 0,ieN, ¥7_,v;=1. E={eq,eq, ..., em} be a finite set
of experts, where e, denotes the kth expert. U = (uj, uy, ..., un)"
be the weighting vector of experts, where Z}L qur=1,u,>0and
u, means the importance degree of expert e,. We also construct m
indication matrices Ay = (;j)nxn (k € M) of the incomplete HF-
PRs Hj, = (hij,k)nxn (k € M), where

5 0, hjj=-
k=
o 1, hje# -
For the multiplicative consistency HFPR, v = (v1,Vs,..., )T

can be obtained by solving the following model, which is an ex-
tension of the model (M-4):

m n-—1 n

(M—-9)min F=3)" %" > w(d}, +dj,)

k=1li=1j=i+1

8ij (S(Wji Vi = S(vijvy) — df +dj; =0,

n
ZU,‘:L

i jeN j>i

V; > 0, ieN
i=1
4 . .
dij‘k, dukzO i,jeN, j>i keM
where d+ is the positive deviation, defined as

A = 81k S(Vjis Vi = S(Viju)vj) v 0.

dl; « s the negative deviation, defined as

i = ik (S(Vija)Vj — S(Wjis)vi) v 0.

Model (M-9) can be transformed into the following 0-1 mixed
goal programming:

m n-1 n

(M 10) min F= ZZ Z uk(d1]k+d1]k)

k=1i=1j=i+1

i #hj
(k) o), o)), _ o(),,o)
Sij szlk y]lk Vi szlk uk
=1 =1

—d}, +d;, =0, i jeNj>ikeM

n
ZUf:],

Vi > 0, ieN
St.{i=1
#hjig
z:qf—l i,jeN, j>ikeM
I=1
;$_0 or 1, i,jeN, j>ikeM I=1.2,. .. #hj,
dij,k’ dij,k >0, i,jeN, j>i, keM
For the additive consistency HFPR, v = (11, V5,..., ;)T can be

obtained by solving the following model, which is an extension of
the model (M-8):

m n-1 n

(M—11)min F=3" %" 3" w(d, +dj,)

k=1i=1j=i+1

n-1
5ij,k[5()/ij,k) - (0.5 + T(Vi - Uj))]
duk+duk , ,jeN, j>i

std .

Y vi=1, 10, ieN

i=1

d{;k’ di}kzo, i,jeN, j>i, keM
where d+ is the positive deviation, defined as

n-—1
=[S0 - (054 5 - vp) | vo.

di; « s the negative deviation, defined as

1
=i (05+ "5~ W= 1) = Sy | v O

Model (M-11) can be transformed into the following 0-1 mixed
goal programming:

m n-1 n

(M-12)min F=) %" > w(d}, +d;,)

k=1li=1j=i+1

#hij i (11 1)
,J{Zzg(k’)yg,ﬁ” (0.5+ 5 (Uivj)):|
1=1
~dj +d;, =0, i jeN j=i
n
s.t. Zyizl, 1,20, ieN
i=1
#huk
Y0 =1 ijeN j>i keM
=1
d;;',k’ dl.;ykzo, i,jeN, j>i, keM

5. Illustrative cases of study

In this section, two numerical examples are provided to
demonstrate the practicality and effectiveness of the developed
models.

5.1. Case of study with four decision alternatives and an incomplete
HFPR

Consider a single DM'’s decision problem with four alter-
natives x; (i=1, 2, 3, 4). The DM provides his/her preferences
over the four decision alternatives, as an incomplete HFPR as
follows:

{0.5} - {06.07} {04}

b - {05} {04} -
(04,03} {06} {05}  {0.3,0.4}

{0.6} — {07,068} {05}

Based on Theorem 2, we know that H is an acceptable incom-
plete HFPR, which means that the priority weights can be derived
by the known HFEs.

(1) According to the model (M-4), we can construct the follow-
ing 0-1 goal programming model:

min F= Z Z (df; +dj)

i=1j=i+1
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—df, +d, =0
(5" x 0.4+ 25 x 03)w,

—(25" x 0.6 +25? x 0.7)ws —df; +dj; =0
0.6wq — 0.4wy — d& + d;4 =0
0.6wy — 0.4w3 — dé& + d£3 =0
(23D x 0.7 + 25> x 0.6)ws

—(23" x 03+ 23,7 x 0.4)wy — di, +d3, =0
Wi+ Wy +W3 +Wy = 1

s.t.

o (1) o(2) _
Zy 4257 =1

o (1) 0(2) _
Zy3 +2450 =1
o (1) o (2) o (1) 0(2) _
Zy ' Zys Zgz s Zgo =0 or 1

dZ di;zo, ,j=1,2,3,4, j>i

By solving the above optimization problem, we have:
F =0.004, w; =0.28, w;=0.12, w;=0.18,

wy =042, df,=d;, =0,
df; =0.004,d; =0, d;=d; =0, df,=d,;=0,
d2+4 = d£4 =0, d3+4 = d§4 =0.

Therefore, the ranking of these four alternatives is x4 > xq >
X3 > Xp.

(2) According to the model (M-8), we can build this optimiza-
tion problem as follows:

3 4
min F=3 " %" (df+d;)
i=1j=i+l

—dj; +d, =0
27V % 06+25? x 0.7

—(0.5+1.5(w; —ws3)) —dfz +d3 =0
0.4 — (0.5+ 1.5(w; —wyg)) —df, +d;, =0
0.4—(0.5+1.5(w; —ws3)) —dj; +dy; =0
—dyy +dyy =0
st ]z x03+25% x 0.4

—(0.5+1.5(w; —wy)) —dj, +d3;, =0
Wi +WwWy +ws+wy =1

o (1) o2) _
3 +2537 =1

3
o (1) 0(2) _

Zy +7zy =1

o (1) o (2) o(1) o(2) _

Zi3 ' 2337, z34 0, 73,7 =0 or 1

i d;>0, ij=1.234 j>i

By solving the above optimization problem, we have:
F =0, w;=0.2833, wy;=0.1500, w;=0.2167,

wy = 0.3500, df, =dj, =0,
dﬁ =d]*3=0, d2+3=d5320’ dT4=dI4=0s
d2+4 =d,, =0, d3+4 =d3; =0.

So the ranking of these four alternatives is x4 > X1 > X3 > X3,
which is same as that obtained by the model (M-4).

To further compare the performances of these two models in
fitting incomplete HFPRs, the following evaluation criteria are in-

troduced:
Maximum Deviation (MD) for incomplete HFPR

y,]"km— >'i,jeN,keM}
Vi Wi

(20)

’

s W<
MD = max aij,k y/']k 1 +
i.j.k V'iik Wi

Table 1
Performance comparisons for Example 1.

Methods wr Ranking MD  MAD

Model (M-4) (0.2800, 0.1200, 0.1800, 0.4200)" x4 > x; > X3 = X, 0.0013 0.0087
Model (M-8) (0.2833, 01500, 0.2167, 0.3500)7 x4 > x; > X3 = x, 0.1369 0.0824

where yl.;.k is the value of S(y;j,) when the F gets the minimal

value.
Maximum Absolute Deviation (MAD) for incomplete HFPR

MAD = [P]akx {(Sij,k y/ij.k —

— i,jeN,keM} (21)
w; + wj

where d;; = yl.j.,k —w;/(w; +w;) is the fitting error for yi}_k. If the
priority vector W = (wy, ..., wy)T is able to precisely fit the incom-
plete HFPR Hj, then |d;; ;| = 0, otherwise, |d;; | > 0.

From Table 1, it's shown that the model (M-4) achieves an iden-
tical ranking as model (M-8). Model (M-4) performs better than
model (M-8) in terms of two performance evaluation criteria: MD
and MAD, which partly shows the advantage of the model (M-4).

5.2. GDM problem with three alternatives and three experts

In the following, we further illustrate the practicality of incom-
plete HFPRs in group decision making by utilizing a practical ex-
ample (adapted from [25]).

The enterprise’s board of directors, which includes three mem-
bers e, (k= 1, 2, 3), have to plan the development of large projects
(strategy initiatives) for the following five years. Suppose that there
are three possible projects x; (i = 1, 2, 3) to be evaluated. It is nec-
essary to compare these projects in order to select that which is
the most important as well as order them from the point view
of their importance, taking into account four criteria suggested by
the Balanced Scored methodology: (1) financial perspective; (2) the
customer satisfaction; (3) internal business process perspective; (4)
learning and growth perspective. First, the specialists are asked to
give their opinion relative to each project. Because of the uncer-
tainty of the attributes, it is difficult for the DMs to use just one
value to provide their preferences. To facilitate the elicitation of
their preferences, HFS is just an effective tool to deal with such
situations. Furthermore, some experts may be lacking in knowl-
edge and have limited expertise related to the problem domain,
and thus, these members give their incomplete HFPRs as follows:

{05}  {0.6} .

Hy =[{04) {05}  {0.2,03}].
~ {08,0.7} {05}

© {0.5) ~ {0.3,0.4)7

H, = - {05} {03} |
| {0.7.06} {07} {05}

© {05}  {0.3,0.4} {0.4}]

H; = [ {0.7,06}  {0.5} —

{0.6) ~ {05

From Theorem 2, we know that H, (k =1, 2, 3) are all ac-
ceptable incomplete HFPRs. That is, the priority vector can be ob-
tained through the known HFEs. Without loss of generality, we set
Uy =uUpy=1u3= 1/3

(1) According to model (M-10), we can build this optimization
problem as follows:

3

2 3
min F=> %" 3 ul<(d§,k+di;_k)

k=1i=1j=i+1
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0.4v; — 0.6v, — d1+2,1 +d,,=0
—df;+d;;; =0

(25,7 x 0.8+ 25,3 x 0.7)v, — (25, x 02+ 25,3 x 0.3)v3
=3 +dy,; =0
—dj,+d,=0

(25 x 0.7+ 253 x 0.6)v; — (25 x 03 + 25,2 x 0.4)v3
—dj;,+d;,=0

0.7v = 0.3v3 —dj; , +dy3, =0

(') x 0.7+ 2% x 0.6)v; — (5,5 x 03 +253 x 0.4)v,
_des + d1_2,3 =0

0.6v; —0.4v3 —dj; ; +dj33=0
_d;3,3 + d£3,3 =0

V1+V+1v3=1

£ +£D -1

s. t.

32.1
Z;(,lz) + Zgl(,zz) =1

Zgl(,l3) +255 =1

Z§2(.11)’ Z§2(.21)’ Z;(,lz)’ Zgl(,zz)’ Zgl(.l;’ Zgl(.23) =0 or 1
0fd5 =0, i j=1.23. j>i k=123

By solving the above optimization problem, we have:

F =0.0379, v; =0.3182, 1, =0.2045, v3=0.4773,
df,, = 0.45x 1072,
dp; =0, diz;=dj3; =0, dj;;=dyp3; =0, dy,=d;,,=0,
diz, =dp,=0
d;3,2 = d2_3,2 =0, drza = 0.1091, d1_2,3 =0, dﬁs = d1_3,3 =0,
d2+3_3 = d53_3 =0.

Therefore, the ranking of these three alternatives is x3 > x; > X;.

(2) According to the model (M-12), we can build this optimiza-
tion problem as follows:

3 2 3
min F= Y 3" " u(dj, +d;,)
k

=1i=1j=i+1
06— (05+v; —1p) —df,, +dy, ;=0

—di;, +di3;, =0

[255) x 02+ 25% x 03— (05 +v,-v3)] —df; , +dy3, =0
_dT2,2 + d1_2.2 =0

[273]) x 0.3+ 2% x 0.4—(0.5 + v1—v3)] —dj; , +dp5, =0
03-(05+v;—-v3) —dpz,+dy,=0

[275Y) x 03 +20%) x 04— (05 + v1-1y)] —dfy 5 +dp, ;=0
$.6.404 - (05+v; —v3) —dj3;+d;33=0

_d2+3,3 + d£3,3 =0

Vi +UVy+V3 = 1

£+ 28 =1

31—
o(1) o(2) _
Zi3y +2135 =1

o (1) 0(2) _
Zip3 t21p3 =1

o (1) o (2) o (1) o (2) o (1) 0((2) _
Zy31- Z31> Zi330 Zi3ns Zpp3e Zpp3 =0 or 1

i di, >0, 0j=1.23 j>i k=123

+
ij,k’ i

By solving the above optimization problem, we have:

F =0.0667, vy =0.3333, v, =0.2333, v3=04333,

Table 2

Performance comparisons for Example 2.
Methods wr Ranking MD MAD
Model (M-10)  (0.3182, 0.2045, 0.4773)"  x3 >x; =X,  0.0013  0.0088
Model (M-12) ~ (0.3333, 0.2333, 04333)" X3 >x; >x,  0.0523  0.0500

diy =dj, =0,
diz; =d; =0,
d;r3,2 = d1_3,2 =0,
d2+3,2 = d£3,2 =0,
3553 =dy;5=0.

So the ranking of these three alternatives is x3 > X; > X, which
is same as that obtained by the model (M-10).

The results of comparisons are shown in Table 2, from which
we can see that model (M-10) achieves the same ranking x3 > xq >
X, as model (M-12). Moreover, model (M-10) has smaller MD and
MAD than model (M-12).

dy;;=dy; =0, dj,=d;,,=0,

d1+2,3 =02, df2_3 =0, d{r3,3 = d;3,3 =0,

Remark 2. It should be noted that many methods have been pro-
posed to derive the weighting vector for multiplicative preference
relations and to solve group decision making problems. However,
these methods fail when addressing situations in which the in-
put arguments take the form of HFPRs. Because of the models are
specifically used for HFPRs, and according to our knowledge, there
is no previous work which concentrates on deriving the weighing
vector from the incomplete HFPRs, it is not easy to continue with
comparative analysis. In the following, we discuss some advantages
and differences as compared with the existing different kinds of
methods for GDM problems.

(1) In the above case study, Parreiras et al. [25] proposes a flex-
ible consensus scheme for GDM problems under linguistic
assessments. However, in their approach, they first trans-
formed the linguistic variables into triangular fuzzy num-
bers, which led to information losing. Second, they used the
consensus scheme to rank the alternatives, which is very
complicated, while our method can rank the alternatives di-
rectly.

(2) For the incomplete FPRs, for example, Xu [42], Xu et al. [36],
their methods did not consider the hesitant situation, which
limits their application. However, if there is only one value
in each pairwise value in the HFPRs, the methods proposed
in this paper will become reduced to the traditional incom-
plete FPRs.

Zhu et al. [50] presented the ranking methods with HFPRs in

GDM environments. These methods only consider the mul-

tiplicative consistency of HFPRs. Generally, the cardinal con-

sistency of FPRs includes multiplicative consistency and ad-
ditive consistency. In this paper, we consider these different
types of consistencies for HFPRs. Furthermore, if 6;; =1 for
all i, j e N in all the models (M-1)-(M-12), then the proposed
methods can be used to derive the rankings for the complete

HFPRs. Which means that the proposed methods can deal

with both the complete and incomplete HFPRs, while Zhu et

al.’s [45] method is only suitable to deal with the complete
ones. In other words, Zhu et al’s method would be consid-
ered as a special case of the proposed method.

—
w
~—

6. Conclusions

We have investigated group decision making problems, where
preference information offered by DMs is hesitant and incomplete.
For the sake of a better description of this situation, we have
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proposed a new concept of incomplete HFPRs, which are an ef-
fective tool to collect and present preferences provided by DMs
in decision making. Incomplete HFPRs do not merely permit the
DMs to provide all of the possible values but also allow them to
give null values when comparing two alternatives. In this paper,
we also introduced the concept of multiplicative consistency in-
complete HFPR and additive consistency incomplete HFPR. More-
over, to obtain the priority vector of an incomplete HFPR, we have
proposed two programming models based on multiplicative con-
sistency and additive consistency respectively. These two goal pro-
gramming models are also extended to obtain the collective pri-
ority vector of several incomplete HFPRs. Finally, the practicability
and effectiveness of the developed models have been verified using
two illustrative examples.
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